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Abstract
Conserved currents of any spin t > 0 built from bosonic symmetric
massless gauge fields of arbitrary integer spins s1 + s2 > t in AdS4 are
found. Analogously to the case of 4d Minkowski space, currents considered
in this paper are not gauge invariant but generate gauge invariant conserved
charges.
1 Introduction
Gauge-invariant conserved currents are well known and were deeply studied in the
literature [1, 2, 3, 4, 5, 6, 7, 8, 9]. In the general case, a conserved current carries a
set of three spins (t, s1, s2), where t is a spin of the current itself, and s1 and s2 are
spins of the fields it is constructed from. For example, the so-called gravitational
stress pseudo-tensor [10] (s = t = 2 conserved current) is not gauge invariant. The
same fact is shown in [5] for the t = 2 current built from massless fields of spins
s > 2. The spin-zero field has no gauge symmetry; thus, the currents with s < 1
are gauge invariant, while the spin-one current built from two massless spin-one
fields is not.
The aim of this paper is to extend the Minkowski-space results of [11], pre-
senting the full list of gauge non-invariant currents with integer spins in AdS4
such that t < s1 + s2. Being gauge non-invariant, these currents give rise to the
gauge-invariant conserved charges. Gauge non-invariant currents will be derived
from the variation of the cubic action of [12, 13], which is gauge invariant in the
lowest order.
1.1 Conventions
In this paper, we consider AdS4 space-time. Greek indices µ, ν, ρ, λ, σ are the base
and range from 0–3. Other Greek indices are spinorial and take values of one
and two. The latter are raised and lowered by the sp(2) antisymmetric forms:
εαβ, ε
αβ, εα˙β˙, ε
α˙β˙
εαβεαγ = δ
β
γ , ε
α˙β˙εα˙γ˙ = δ
β˙
γ˙ , (1)
Aα = A
βεβα, A
α = Aβε
αβ, Aα˙ = A
β˙εβ˙α˙, A
α˙ = Aβ˙ε
α˙β˙. (2)
Complex conjugation A¯ relates dotted and undotted spinors. Brackets ([...])
{...} imply complete (anti)symmetrization, i.e.,
A[αBβ] =
1
2
(AαBβ −AβBα) , A{αBβ} =
1
2
(AαBβ + AβBα). (3)
Aα(m) denotes a totally symmetric multispinor A{α1...αm}.
The wedge symbol ∧ is implicit.
2 Fields, Equations, Actions
In the four-dimensional case considered in this paper, it is convenient to use the
frame-like formalism in two-component spinor notation. In these terms, a bosonic
spin-s Fronsdal field [14] is represented by multispinor one-forms [15]:
1
s ≥ 1 : ϕµ1...µs → {ω
α(m)
,
β˙(n) | m+ n = 2(s− 1)} , ωα(m),
β˙(n) = dxµωµ
α(m)
,
β˙(n),
which are symmetric in all dotted and all undotted spinor indices and obey the
reality condition [15]:
ω
†
α(m),β˙(n)
= ωβ(n),α˙(m). (4)
The frame-like field is a particular connection at n = m = s− 1 (s is integer):
hµ
α(s−1)
,
β˙(s−1)dxµ := ωµ
α(s−1)
,
β˙(s−1)dxµ . (5)
By imposing appropriate constraints, the connections ωα(m),β˙(n) can be expressed
via t = 1
2
|m− n| derivatives of the frame-like field [15].
Background gravity is described by the vierbein one-form h˜α,
β˙ and one-form
connections ω˜α˙β˙, ω˜αβ. Lorentz covariant derivative D˜ acts as usual:
D˜Aα(m),
β˙(n) = dAα(m),
β˙(n) +mω˜αγA
α(m−1)γ
,
β˙(n) + nω˜β˙ δ˙A
α(m)
,
β˙(n−1)δ˙ (6)
for any multispinor Aα(m),β˙(n). The torsion and curvature two-forms are:
R˜α,
β˙ = dh˜α,
β˙ + ω˜αγh˜
γ
,
β˙ + ω˜β˙ δ˙h˜
α
,
δ˙ , (7)
R˜αα = dω˜αα + ω˜αγω˜
αγ + λ2h˜α,δ˙h˜
α,δ˙ , (8)
R˜β˙β˙ = dω˜β˙β˙ + ω˜β˙ γ˙ω˜
β˙γ˙ + λ2h˜γ,
β˙h˜γ ,β˙, (9)
where the parameter λ is proportional to the inverse AdS radius λ ∼ r−1. AdS4
space is described by the vierbein and connections obeying the equations:
R˜α,
β˙ = 0, R˜αα = 0, R˜β˙β˙ = 0. (10)
Linearized higher-spin (HS) curvatures are:
R1
α(m)
,
β˙(n) = D˜ωα(m),
β˙(n) + n(θ(m− n) + λ2θ(n−m− 2))h˜γ,
β˙ωγα(m),
β˙(n−1)+
+m(θ(n−m) + λ2θ(m− n− 2))h˜α,δ˙ω
α(m−1)
,
β˙(n)δ˙, (11)
where θ(x) is the step-function:
θ(x) =
{
1 at x ≥ 0;
0 at x < 0.
(12)
2
Curvatures (11) obey the Bianchi identities [15]:
D˜R1
α(m)
,
β˙(n) = −λ(|m−n|/2)+1(mλ−|m−n−2|/2h˜α,δ˙R1
α(m−1)
,
β˙(n)δ˙+
+ nλ−|m−n+2|/2h˜γ,
β˙R1
α(m)γ
,
β˙(n−1)). (13)
It is convenient to introduce two-forms Hαβ and H¯α˙β˙:
h˜α,β˙h˜γ,δ˙ =
1
2
ǫαγH¯β˙δ˙ +
1
2
ǫβ˙δ˙Hαγ , (14)
Hαβ := h˜α,γ˙ h˜β,
γ˙ , H¯α˙β˙ := h˜γ,α˙h˜
γ
,β˙. (15)
Free field equations for massless fields of spins s ≥ 2 in Minkowski space can
be written in the form [15]:
R1
α(m)
,
β˙(n) = 0 for n > 0, m > 0, n+m = 2(s− 1); (16)
R1
α(m) = Cα(m)γδ Hγδ for m = 2(s− 1); (17)
R1
β˙(n) = C¯ β˙(n)γ˙δ˙ H¯γ˙δ˙ for n = 2(s− 1). (18)
Equations (16)–(18) are equivalent to the equations of motion, which follow from
the Fronsdal action [14] supplemented with certain algebraic constraints, which
express connections ωα(m),β˙(n) via
1
2
|m−n| derivatives of the dynamical frame-like
HS field. The multispinor zero-forms Cα(2s) and C¯ β˙(2s), which remain non-zero
on-shell, are spin-s analogues of the Weyl tensor in gravity.
HS gauge transformation is:
δωα(m),
β˙(n) = D˜ǫα(m),
β˙(n) + n(θ(m− n) + λ2θ(n−m− 2))h˜γ,
β˙ǫγα(m),
β˙(n−1)+
+m(θ(n−m) + λ2θ(m− n− 2))h˜α,δ˙ǫ
α(m−1)
,
β˙(n)δ˙, (19)
where a gauge parameter ǫα(m),
β˙(n)(x) is an arbitrary function of x. Note that the
limit λ→ 0 gives the proper description of HS fields in 4d Minkowski space.
As explained in [11], to obtain currents with odd and even spins, the connec-
tions ωi;α(m),β˙(n) and curvatures Ri;α(m),β˙(n) should be endowed with a color index
i = 1 . . .N , which labels independent dynamical fields. To contract color indices,
we introduce the real tensor cijk, which can be either symmetric or antisymmetric.
Color indices are raised and lowered by the Euclidean metric gij. It is convenient
to set gij = δij .
Free fields are described by the quadratic action [15]:
S2 =
1
2
∫ ∑
m,n≥0
1
m!n!
ε(m− n) λ−|m−n| R1
i;α(m)
,
β˙(n)R1 i;α(m),β˙(n), (20)
3
where ε(x) = θ(x)− θ(−x) and m+ n = 2(s− 1), s being a spin of the field.
Following [12, 13], to obtain a cubic deformation of the quadratic action, the
linear curvature R1 in the action (20) has to be replaced by R = R1 +R2 where:
R2
i;α(m)
,
β˙(n) =
∑
p,q,k,l,u,v≥0
λ1+d0−d1−d2
m!n!
p!q!k!l!u!v!
cijk δp+q,mδu+v,n×
× ωj;α(p)γ(k),δ˙(l)
β˙(u) ωk;α(q)γ(k),
δ˙(l)β˙(v), (21)
d0 =
|m− n|
2
, d1 =
|p+ k − l − u|
2
, d2 =
|q + k − l − v|
2
.
The nonlinear action is:
S =
1
2
∫ ∑
m,n≥0
1
m!n!
ε(m− n) λ−|m−n| Ri;α(m),
β˙(n)Ri;α(m),β˙(n). (22)
3 Problem
It is convenient to describe currents as Hodge-dual differential forms. The on-shell
closure condition for the latter is traded for the current conservation condition.
In this paper, we consider spin-t currents in AdS4 built from two connections of
integer spins s1, s2 > 0 such that t ≤ s1+s2−1. Such currents contain the minimal
possible number of derivatives of the dynamical fields. The analogous problem in
4d Minkowski space has been solved in [11] for the case of s1 = s2. The form of
the currents will be derived from the nonlinear action (22).
An arbitrary variation of the action (22) can be represented in the form:
δS =
∫ ∑
t,s1,s2
∑
m,n
δ(m+ n− 2(t− 1))Jt,s1,s2
i;α(m)
,
β˙(n) δωi;α(m),β˙(n) . (23)
The current Jt,s1,s2
i;α(m)
,
β˙(n) carries the color index i. Actually, there are N copies
of a current, one for each value of i, and we can set i = 1 without loss of generality.
In what follows, this index i = 1 will be omitted in all current forms. Furthermore,
it is convenient to set cjk := c1jk with cjk being either symmetric or antisymmetric,
i.e.,
cjk = ηckj , η
2 = 1 . (24)
To define a nontrivial HS charge as an integral over a 3d space, one should find
such a current three-form Jt,s1,s2(x) built from dynamical HS fields that is closed
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by virtue of HS field Equations (16)–(18), but not exact. The closed current
three-form is:
Jt,s1,s2(x) =
∑
m,n
λ−|m−n|
m!n!
δ(m+ n− 2(t− 1))ξα(m),β˙(n)(x)Jt,s1,s2
α(m)
,
β˙(n)(x), (25)
where the factor of λ
−|m−n|
m!n!
is introduced for convenience and ξα(m),β˙(n) are global
symmetry parameters, which can be identified with those gauge symmetry param-
eters that leave the background gauge fields invariant. In accordance with (19),
these parameters obey:
Dξα(m),
β˙(n) := D˜ξα(m),
β˙(n) + n(θ(m− n) + λ2θ(n−m− 2))h˜γ,
β˙ξγα(m),
β˙(n−1)+
+m(θ(n−m) + λ2θ(m− n− 2))h˜α,δ˙ξ
α(m−1)
,
β˙(n)δ˙ = 0. (26)
One can see that:
dJt,s1,s2 =
∑
m,n
λ−|m−n|
m!n!
(
Dξα(m),β˙(n)Jt,s1,s2
α(m)
,
β˙(n) + ξα(m),β˙(n)DJt,s1,s2
α(m)
,
β˙(n)
)
.
(27)
Hence, for parameters obeying (26), the conservation condition amounts to equa-
tions:
DJt,s1,s2
α(m)
,
β˙(n) ≃ 0, m+ n = 2(t− 1). (28)
For the currents defined via (23), the conservation condition (28) holds as a con-
sequence of the gauge invariance of the action proven in [12].
Conserved currents generate conserved charges. By the Noether theorem,
the latter are generators of global symmetries. Hence, one should expect as
many conserved charges as global symmetry parameters. For a spin t, there
are as many global symmetry parameters as the gauge parameters ǫα(m),β˙(n) with
m+ n = 2(t− 1).
In what follows, we will use notations:
Dtopωα(m),
β˙(n) := nθ(m−n)h˜γ,
β˙ ωγα(m),
β˙(n−1)+mθ(n−m)h˜α,δ˙ ω
α(m−1)
,
β˙(n)δ˙, (29)
Dsubωα(m),
β˙(n) := nθ(n−m−2)h˜γ,
β˙ ωγα(m),
β˙(n−1)+mθ(m−n−2)h˜α,δ˙ ω
α(m−1)
,
β˙(n)δ˙,
(30)
Dcurωα(m),
β˙(n) := R1
α(m)
,
β˙(n). (31)
As a consequence of (11):
Dcur = D˜ +Dtop + λ2Dsub. (32)
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Since the λ-dependent term vanishes in the Minkowski case, it is convenient to
introduce the “flat” part of the covariant derivative:
Dfl := D˜ +Dtop . (33)
It is also convenient to denote:
Dh := Dtop + λ2Dsub . (34)
Free field equations (16) imply that:
Dcurωα(m),
β˙(n) ≃ δn,0C
α(m)γδ Hγδ + δm,0C¯
β˙(n)γ˙δ˙ H¯γ˙δ˙ , (35)
where ≃ implies on-shell equality.
If the three-form Jt,s1,s2 verifies (28) on-shell, the charge:
Qξ =
∫
M3
Jt,s1,s2 (36)
is conserved by virtue of (26). As a result, there are as many conserved charges
Qξ as independent global symmetry parameters ξ. Nontrivial charges are repre-
sented by the current cohomology, i.e., closed currents Jt,s1,s2(x) modulo exact
ones Jt,s1,s2 ≃ dΨt,s1,s2. Since the currents should be closed on-shell, i.e., by virtue
of the free field Equations (16)–(18), analysis is greatly simplified by the fact that
all linearized HS curvatures R1
α(m)
,
β˙(n) with m > 0, n > 0 are zero on-shell.
Conservation of currents does not imply that they are invariant under the gauge
transformations (19). However, as shown below, the gauge variation of Jt,s1,s2 is
exact:
δJt,s1,s2(x) ≃ dHt,s1,s2(x) (37)
so that the charge Qξ turns out to be gauge invariant.
Thus, the problem is:
• to find current three-forms (25) from the variation of action,
• to check that these forms obey the conservation condition (28),
• to check that in the flat limit λ→ 0, these forms give currents of [11],
• to check that the HS charges are gauge invariant.
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4 Variation of the Action
Variation of the nonlinear curvature Ri;α(m),
β˙(n) is:
δRi;α(m),
β˙(n) = δR1
i;α(m)
,
β˙(n) + δR2
i;α(m)
,
β˙(n), (38)
where:
δR1
i;α(m)
,
β˙(n) = D˜δωi;α(m),
β˙(n)+
+ n(θ(m− n) + λ2θ(n−m− 2)) h˜γ,
β˙ δωi;γα(m),
β˙(n−1)+
+m(θ(n−m) + λ2θ(m− n− 2)) h˜α,δ˙ δω
i;α(m−1)
,
β˙(n)δ˙ (39)
and:
δR2
i;α(m)
,
β˙(n) =
∑
p,q,k,l,u,v
λ1+d0−d1−d2
m!n!
p!q!k!l!u!v!
(1 + (−1)k+lη) cijk δp+q,mδu+v,n×
× δωj;α(p)γ(k),δ˙(l)
β˙(u) ωk;α(q)γ(k),
δ˙(l)β˙(v) (40)
with η defined in (24).
Variation of the action (22) is:
δS =
∫ ∑
m,n
ε(m−n)
λ−|m−n|
m!n!
(R1
i;α(m)
,
β˙(n)δR1 i;α(m),β˙(n)+R2
i;α(m)
,
β˙(n)δR1 i;α(m),β˙(n)+
+R1
i;α(m)
,
β˙(n)δR2 i;α(m),β˙(n) +R2
i;α(m)
,
β˙(n)δR2 i;α(m),β˙(n)). (41)
The first term is the variation of the action S2 (20), which vanishes on equations
of motion (16)–(18). The last term is cubic in connections ωi;α(m),
β˙(n), hence not
contributing to bilinear currents. The second and third terms give rise to the
currents. Using (11), (17), (18), (32), (39) and (40) and integrating by parts, we
obtain:
δS ≃
∫ ∑
m,n
ε(m− n)
λ−|m−n|
m!n!
[−D˜R2
i;α(m),β˙(n) δωi;α(m),β˙(n)+
+ n(θ(m− n) + λ2θ(n−m− 2)) R2
i;α(m),θ˙β˙(n−1) h˜γ ,θ˙ δωi;γα(m),β˙(n−1) +
+m(θ(n−m) + λ2θ(m− n− 2)) R2
i;α(m−1)γ,β˙(n) h˜γ,
δ˙ δωi;α(m−1),β˙(n)δ˙]+
+
∫ ∑
r>0
λ−r
r!
(C i;α(r)γδ Hγδ δR2 i;α(r) − C¯
i;β˙(r)γ˙δ˙ H¯γ˙δ˙ δR2 i;β˙(r)). (42)
Omitting the color index i = 1, this leads to the currents at t > 1 via:
Jt,s1,s2 =
∑
m,n
δ(m+ n− 2(t− 1))ξα(m),β˙(n)
δS
δωα(m),β˙(n)
. (43)
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5 Examples
5.1 Spin-Two Current
To illustrate the structure of the current three-form and analyze the flat limit
λ→ 0, consider a current with t = 2, s1 = s2 = s > 1:
J2,s =
λ−2
2
ξααJ2,s
αα + ξα,β˙J2,s
α
,
β˙ +
λ−2
2
ξβ˙β˙J2,s
β˙β˙ , (44)
where J2,s := J2,s,s . Using (21), (31), (35) and (40), we obtain:
J2,s
αα =
∑
m,n
4λ2−|m−n|
(m− 1)!n!
cij [n(θ(m−n)+λ
2θ(n−m−2))ωi;αγ(m−1)ϕ,
δ˙(n−1)ωj;αγ(m−1),δ˙(n−1)θ˙h˜ϕ,
θ˙+
+ (m− 1)(θ(n−m) + λ2θ(m− n− 2))ωi;αγ(m−2),
δ˙(n)θ˙ωj;αϕγ(m−2),δ˙(n)h˜
ϕ
,θ˙+
+ (θ(n−m) + λ2θ(m− n− 2))ωi;γ(m−1),
δ˙(n)θ˙ωj;αγ(m−1),δ˙(n)h˜
α
,θ˙] , (45)
J2,s
α
,
β˙ =
∑
m,n
2λ2−|m−n|[
1
(m− 1)!n!
cijω
i;αγ(m−1)
,
δ˙(n)ωj;ϕγ(m−1),δ˙(n)h˜ϕ,
β˙−
−
1
m!(n− 1)!
cijω
i;γ(m)
,
δ˙(n−1)θ˙ωj;γ(m),δ˙(n−1)
β˙h˜α,θ˙]+
+
2λ4−2s
(2s− 3)!
[cijC
i;αγ(2s−3)ϕρ Hϕρ ωγ(2s−3)
β˙ − cijC¯
i;δ˙(2s−3)β˙ψ˙θ˙ H¯ψ˙θ˙ ω
α
δ˙(2s−3)] , (46)
J2,s
β˙β˙ =
∑
m,n
4λ2−|m−n|
m!(n− 1)!
cij[m(θ(n−m)+λ
2θ(m−n−2))ωi;γ(m−1),
δ˙(n−1)θ˙β˙ωj;ϕγ(m−1),δ˙(n−1)
β˙h˜ϕ,θ˙+
+ (n− 1)(θ(m− n) + λ2θ(n−m− 2))ωi;ϕγ(m),
δ˙(n−2)β˙ωj;γ(m),δ˙(n−2)θ˙
β˙h˜ϕ,
θ˙+
+ (θ(m− n) + λ2θ(n−m− 2))ωi;ϕγ(m),
δ˙(n−1)ωj;γ(m),δ˙(n−1)
β˙h˜ϕ,
β˙] . (47)
Recall that m+ n = 2(s− 1), m,n ≥ 0.
The terms in (45), (46) and (47) that contain inverse powers of λ contain higher
derivatives. To obtain a proper λ → 0 limit, such terms should be compensated
by an exact form dΨ2,s with:
Ψ2,s =
s−3∑
m=0
2λ4−2(s−m)
m!(2s− 3−m!)
[ξααcijω
i;αγ(m)
,
δ˙(2s−3−m)ωi;αγ(m),δ˙(2s−3−m)+
+ξα,β˙(cijω
i;αγ(2s−3−m)
,
δ˙(m)ωj;γ(2s−3−m),δ˙(m)
β˙−cijω
i;αγ(m)
,
δ˙(2s−3−m)ωj;γ(m),δ˙(2s−3−m)
β˙)−
− ξβ˙β˙cijω
i;αγ(2s−3−m)
,
δ˙(m)β˙ωi;γ(2s−3−m),δ˙(m)
β˙] . (48)
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At s = 2, it is not necessary to add this exact form since the current is regular in
the flat limit.
The fact that complete antisymmetrization over any three two-component dot-
ted or undotted indices gives zero yields the relation:
cijω
i;αγ(m−1)
,
δ˙(n)ωj;ϕγ(m−1),δ˙(n) h˜ϕ,
β˙ = −cijω
i;αγ(m−1)
,
δ˙(n−1)β˙ωj;ϕγ(m−1),δ˙(n−1)
θ˙ h˜ϕ,θ˙+
+ cijω
i;αγ(m−1)
,
δ˙(n−1)θ˙ωj;ϕγ(m−1),δ˙(n−1)
β˙ h˜ϕ,θ˙ (49)
to be used in the sequel.
Straightforward calculation gives:
Jˆ2,s = J2,s + dΨ2,s =
λ−2
2
ξααJˆ2,s
αα + ξα,β˙Jˆ2,s
α
,
β˙ +
λ−2
2
ξβ˙β˙Jˆ2,s
β˙β˙ , (50)
where
Jˆ2,s
αα = 2λ2cij[ω
i;αϕγ(s−2)
,
δ˙(s−2)ωj;αγ(s−2),δ˙(s−2)θ˙h˜ϕ,
θ˙+
+
s− 2
s− 1
ωi;αγ(s−3),
δ˙(s−1)θ˙ωj;αϕγ(s−3),δ˙(s−1)h˜
ϕ
,θ˙+
+
1
s− 1
ωi;αγ(s−2),
δ˙(s−1)ωj;γ(s−2),δ˙(s−1)
θ˙h˜α,θ˙] , (51)
Jˆ2,s
α
,
β˙ =
1
s− 1
cij[ω
i;γ(s−2)
,
δ˙(s−1)θ˙ωj;γ(s−2),δ˙(s−1)
β˙h˜α,θ˙+
+(s−2)ωi;αγ(s−3),
δ˙(s−1)θ˙ωj;ϕγ(s−3),δ˙(s−1)
β˙h˜ϕ,θ˙+(s−2)ω
i;αϕγ(s−3)
,
δ˙(s−1)ωj;γ(s−3),δ˙(s−1)
θ˙β˙ h˜ϕ,θ˙+
+(s−2)ωi;αγ(s−1),
δ˙(s−3)θ˙ωj;ϕγ(s−1),δ˙(s−3)
β˙h˜ϕ,θ˙+(s−2)ω
i;αϕγ(s−1)
,
δ˙(s−3)ωj;γ(s−1),δ˙(s−3)θ˙
β˙h˜ϕ,
θ˙+
+ ωi;αγ(s−1),
δ˙(s−2)ωj;ϕγ(s−1),δ˙(s−2)h˜ϕ,
β˙] , (52)
Jˆ2,s
β˙β˙ = 2λ2cij [ω
i;ϕγ(s−2)
,
δ˙(s−2)β˙ωj;γ(s−2),δ˙(s−2)θ˙
β˙h˜ϕ,
θ˙+
+
s− 2
s− 1
ωi;ϕγ(s−1),
δ˙(s−3)β˙ωj;γ(s−1),δ˙(s−3)θ˙
β˙h˜ϕ
θ˙+
+
1
s− 1
ωi;ϕγ(s−1),
δ˙(s−2)ωj;γ(s−1),δ˙(s−2)
β˙h˜ϕ,
β˙] . (53)
Note that Jˆ2,s does not contain λ explicitly. One can check, that (51), (52) and
(53) obey (28). As a result, the form Jˆ2,s (50) is closed by virtue of (26).
Since the AdS4 current Jˆ2,s (50) does not depend explicitly on λm it preserves
its form in the flat limit λ→ 0. From (51)–(53), one can see that:
Jˆ2,s = J
M
2,s +D
flχ2,s, (54)
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where JM2,s at λ = 0 reproduces the spin-two current in Minkowski space and:
χ2,s =
cij
s− 1
(
ξαβ˙
(
ωi;αγ(s−2),
δ˙(s−1)ωj;γ(s−2),δ˙(s−1)
β˙ −ωi;αγ(s−1),
δ˙(s−2)ωj;γ(s−1),δ˙(s−2)
β˙
)
+ λ2
(
ξααω
i;αγ(s−2)
,
δ˙(s−1)ωj;αγ(s−2),δ˙(s−1) + ξβ˙β˙ω
i;γ(s−1)
,
δ˙(s−2)β˙ωj;γ(s−1),δ˙(s−2)
β˙
))
.
This proves that the flat limit of the current (50) reproduces the results of [11].
We observe that the current is Hermitian. It is nonzero if cij is symmetric.
5.2 Spin-One Current
Since the action (22) does not contain a kinetic term for spin-one field ωi carrying
no spinor indices, following [12], it should be added separately in a standard way:
SEM =
∫
Ri
∗Ri , (55)
where ∗ is the Hodge star operator and, in agreement with (11) and (21),
Ri = dωi +
∑
k,l≥0
λ1−|m−n|
k!l!
cijk ω
j;
γ(k),δ˙(l) ω
k;γ(k)
,
δ˙(l). (56)
The full action is Sfull = S +SEM with S (22). The spin-one part of the variation
δSt=1 of this action is:
δSt=1 =
∫ ∑
r>0
λ−r
r!
(C i;α(r)γδ Hγδ δR2 i;α(r)− C¯
i;β˙(r)γ˙δ˙ H¯γ˙δ˙ δR2 i;β˙(r))+δSEM , (57)
where:
δSEM =
∫
[R1i
∗δR2
i +R2i
∗δR1
i]. (58)
In the spin-one case equations, (16)–(18) amount to:
R1
i = C i;γδHγδ + C¯
i;γ˙δ˙H¯γ˙δ˙ , (59)
where C i;γδ and C¯ i;γ˙δ˙ parametrize self-dual and anti-self-dual components of the
spin-one field tensor. Using properties of the Pauli matrices, one can also see that:
R1
i∗ = i(C i;γδHγδ − C¯
i;γ˙δ˙H¯γ˙δ˙). (60)
The sum of spin-one (t = 1) currents of fields of arbitrary spins s1 = s2 ≥ 1
can be expressed as (the color index i is omitted):
ξ
δSt=1
δω
= J1,1 +
∑
s>1
J1,s, (61)
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where ξ is a global symmetry parameter zero-form (26) with no spinor indices and:
J1,1 = 2ξλicij(C
i;γδHγδ − C¯
i;γ˙δ˙H¯γ˙δ˙)ω
j − d(ξR2
i∗), (62)
J1,s = 2λ
3−2sξcij(C
i;α(2s−2)ϕρ Hϕρ ω
j;
α(2s−2) − C¯
i;β˙(2s−2)γ˙δ˙ H¯γ˙δ˙ ω
j;
β˙(2s−2) ). (63)
In the case of t = 1, s1 = s2 = s = 1, one can transform J1,1 into:
Jˆ1,1 =
1
λ
(J1,1 + d(ξR2
i∗)) = 2ξicij(C
i;γδHγδ − C¯
i;γ˙δ˙H¯γ˙δ˙)ω
j. (64)
It is not hard to see that the C-dependent terms are not exact provided that cij is
antisymmetric. The current (64) coincides with Minkowski current JM1,1 from [11]
modulo an overall factor of two.
In the case of t = 1, s1 = s2 = s > 1, the current results from the C-dependent
terms of (42) by virtue of (40):
J1,s = 2λ
3−2sξcij(C
i;α(2s−2)ϕρ Hϕρ ω
j;
α(2s−2) − C¯
i;β˙(2s−2)γ˙δ˙ H¯γ˙δ˙ ω
j;
β˙(2s−2) ). (65)
Note, that there are no currents with t = 1, s1 6= s2. Furthermore, note that
Equation (64) is a particular case of (65) at s = 1. The current three-form J1,s
(65) is nontrivial if cij is antisymmetric.
For s > 1, J1,s (65) can be rewritten in the bilinear form in connections by
adding an exact form:
Jˆ1,s = −
1
λ(−2)s−1s(s− 1)!
(J1,s + dΨ1,s) =
= ξcij[ω
i;ϕγ(s−2)
,
δ˙(s−1)ωj;γ(s−2),δ˙(s−1)θ˙ + ω
i;ϕγ(s−1)
,
δ˙(s−2)ωj;γ(s−1),δ˙(s−2)θ˙]h˜ϕ,
θ˙ , (66)
with:
Ψ1,s = 2ξλ
3−2s
s−2∑
m=0
(−1)m+12mλ2m
(s− 1)!
(s−m− 1)!
cij(ω
i;α(2s−2−m)
,
β˙(m)ωj;α(2s−2−m),β˙(m)−
− ωi;α(m),
β˙(2s−2−m)ωj;α(m),β˙(2s−2−m)) . (67)
This three-form is λ-independent, on-shell-closed, Hermitian and reproduces the
result of [11]. Hence, it is non-trivial.
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6 General Spins
The AdS4 conserved currents Jt,s1,s2 with 1 < t ≤ s1 + s2 − 1 (for definiteness, we
set s1 ≥ s2) result from the variation of action (42):
Jt,s1,s2 =
∑
m,n
ε(m− n)
λ−|m−n|
m!n!
[−ξα(m),β˙(n) D
h R2
α(m),β˙(n)|s1,s2−
− n(θ(m− n) + λ2θ(n−m− 2)) ξα(m+1),β˙(n−1) R2
α(m),θ˙β˙(n−1)|s1,s2 h˜
α
,θ˙+
+m(θ(n−m) + λ2θ(m− n− 2)) ξα(m−1),β˙(n+1) R2
α(m−1)γ,β˙(n)|s1,s2 h˜γ,
β˙]+
+
∑
p,q,k,v
2λ1−|q+k−p−v|
p!q!k!v!
δ2p+q+v,2(t−1)δp+k,2(s1−1)δp+q+k+v,2(s2−1)cijξα(p+q),β˙(p+v)×
× [C i;α(p)γ(k)ϕρ Hϕρ ω
j;α(q)
γ(k),
β˙(p+v) − C¯ i;β˙(p)δ˙(k)ϕ˙ρ˙ H¯ϕ˙ρ˙ ω
j;α(p+q)
,δ˙(k)
β˙(v)], (68)
where R2
α(m),β˙(n)|s1,s2 is the restriction of (21) to terms containing connections with
spins s1 and s2. These currents contain s1 + s2 − 2 derivatives of the frame-like
fields.
To check the non-exactness of the three-form (68), it suffices to add an exact
form:
dΨt,s1,s2 = d(
∑
m,n
ξα(m)β˙(n)Ψt,s1,s2
α(m),β˙(n)) , n +m = 2(t− 1),
where:
Ψt,s1,s2
α(m),β˙(n) =
=
∑
p,q,k,l,u,v
2λ1−
|p+k−l−u|−|q+k−l−v|
2
p!q!k!l!u!v!
δp+q,mδu+v,nδp+k+l+u,2(s1−1)δq+k+l+v,2(s2−1)×
× θ(l + u− p− k − 1)cij[θ(m− n)ω
i;α(p)γ(k),δ˙(l)β˙(u) ωj;α(q)γ(k),δ˙(l)
β˙(v)−
− θ(n−m)ωi;α(u)γ(l),δ˙(k)β˙(p) ωj;α(v)γ(l),δ˙(k)
β˙(q)], (69)
One can see that Ψt,s1,s2
α(m),β˙(n) is adjusted to cancel the C-dependent terms.
The resulting current three-form:
Jˆt,s1,s2 := Jt,s1,s2 + dΨt,s1,s2 (70)
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is
Jˆt,s1,s2
α(m),β˙(n) =
=
∑
p,q,k,l,u,v
2λ1+2|m−n|+|p+k−l−u|−|q+k−l−v|
p!q!k!l!u!v!
δp+q,mδu+v,nδp+k+l+u,2(s1−1)δq+k+l+v,2(s2−1)cij×
× [θ(p+ k − l − u− 1)Dh(θ(m− n)ωi;α(p)γ(k),δ˙(l)β˙(u) ωj;α(q)γ(k),δ˙(l)
β˙(v)−
− θ(n−m)ωi;α(u)γ(l),δ˙(k)β˙(p) ωj;α(v)γ(l),δ˙(k)
β˙(q))−
− n(θ(m− n) + λ2θ(n−m− 2))((u+ 1)ωi;α(p−1)γ(k),δ˙(l)θ˙β˙(u) ωj;α(v)γ(k),δ˙(l)
β˙(v)h˜α,θ˙+
+ (v + 1)ωi;α(p)γ(k),δ˙(l)β˙(u) ωj;α(q−1)γ(k),δ˙(l)
θ˙β˙(v)h˜α,θ˙)+
+m(θ(n−m) + λ2θ(m− n− 2)) ((p+ 1)ωi;α(p)ϕγ(k),δ˙(l)β˙(u) ωj;α(q)γ(k),δ˙(l)
β˙(v)h˜ϕ,
β˙+
+ (q + 1)ωi;α(p)γ(l),δ˙(k)β˙(u−1) ωj;α(q)ϕγ(l),δ˙(k)
β˙(v−1)h˜ϕ,
β˙)] . (71)
This current contains t−|s1−s2| derivatives, which is the minimal possible number.
The non-exactness of the current three-form Jˆt,s1,s2 can be checked in the flat limit
λ→ 0 just as in [11].
In the case of s1 = s2 = s:
Jˆt,s =
∑
n,m
λ−|m−n|
m!n!
ξα(m),β˙(n)Jˆt,s
α(m)
,
β˙(n) , n+m = 2(t− 1),
where:
Jˆt,s
α(m)
,
β˙(n) =
= λ|m−n|m!n!(θ(n−m−4) gˆ(n) cijω
i;α(m)ϕγ(s−2)
,
δ˙(s−t)β˙(n−t+1)ωj;γ(s−2),δ˙(s−t)θ˙
β˙(t−1)h˜ϕ,
θ˙+
+ δn,t cij [2(t− 1)ω
i;α(m)ϕγ(s−2)
,
δ˙(s−t)β˙ωj;γ(s−2),δ˙(s−t)θ˙
β˙(n−1)h˜ϕ,
θ˙+
+
t−2∑
p=1
fˆ(p)ωi;α(m)ϕγ(s−p−1),
δ˙(s−t+p)ωj;γ(s−p−1),δ˙(s−t+p)
β˙(n−1)h˜ϕ,
β˙]+
+ δm,t−1δn,t−1cij[ω
i;α(t−1)ϕγ(s−2)
,
δ˙(s−t)ωj;γ(s−2),δ˙(s−t)θ˙
β˙(t−1)h˜ϕ,
θ˙+
+ ωi;α(t−1)ϕγ(s−t),
δ˙(s−2)ωj;γ(s−t),δ˙(s−2)θ˙
β˙(t−1)h˜ϕ,
θ˙]+
+ θ(m− n− 4) gˆ(m) cijω
i;α(t−1)ϕγ(s−t)
,
δ˙(s−2)ωj;α(m−t+1)γ(s−t),δ˙(s−2)θ˙
β˙(n)h˜ϕ,
θ˙+
+ δm,t cij [2(t− 1)ω
i;α(m−1)ϕγ(s−t)
,
δ˙(s−2)ωj;αγ(s−t),δ˙(s−2)θ˙
β˙(n)h˜ϕ,
θ˙+
+
t−2∑
p=1
fˆ(p)ωi;α(m−1)γ(s−t+p),
δ˙(s−p−1)ωj;γ(s−t+p),δ˙(s−p−1)
θ˙β˙(n)h˜α,θ˙]), (72)
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and:
gˆ(m) =
2(t− 1)!
(2t−m− 2)!(m− t + 1)!
, m ≥ t + 1, (73)
fˆ(1) =
t− 1
s− t+ 1
, fˆ(p) = (t− 1)
(s− t)!(s− p)!
(s− 3)!(s− t+ p)!
, p > 1. (74)
The second and last terms in (72) contribute to the special cases of n = t and
m = t, respectively.
One can check that the current (68) at s1 = s2 reproduces that of [11] up to a
Dfl-exact form:
χt,s = D
fl(
∑
m,n
ξα(m)β˙(n)χt,s
α(m),β˙(n)) , n+m = 2(t− 1),
where:
χt,s
α(m)
,
β˙(n) =
= θ(n−m− 2)g(n)cij
m+1∑
p=1
ωi;α(m)γ(s−p),δ˙(s−t+p−1)β˙(n−t+1)ωj;γ(s−p),δ˙(s−t+p−1)
β˙(t−1)+
+ θ(m− n− 2)g(m)cij
n+1∑
p=1
ωi;α(t−1)γ(s−t+p−1),δ˙(s−p)ωj;α(m−t+1)γ(s−t+p−1),δ˙(s−p)
β˙(n)+
+ δm,t−1δn,t−1fcij
[ t
2
]∑
p=0
[ωi;α(t−p−1)γ(s−2),δ˙(s−t+1)β˙(p)ωj;α(p)γ(s−2),δ˙(s−t+1)
β˙(s−t−p)+
+ ωi;α(t−p−1)γ(s−1),δ˙(s−t)β˙(p)ωj;α(p)γ(s−1),δ˙(s−t)
β˙(s−t−p)], (75)
where:
f =
1
s− t+ 1
, g(m) =
t−m
s− p
. (76)
The conserved currents are nontrivial if cij is antisymmetric for odd t+ s1 + s2
and symmetric for even.
Thus, the Hermitian current three-form Jˆt,s1,s2 is on-shell closed, but not exact.
It generates the corresponding real conserved charge Q =
∫
Jˆt,s1,s2 that contains
as many symmetry parameters as local HS gauge symmetries.
7 Gauge Transformations
Although the current three-form (68) is not invariant under the gauge transfor-
mations (19), its gauge variation is exact. Schematically, the proof consists of
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the following steps. By virtue of (32), the gauge variation of any term from (68)
δ(ξω1ω2h) can be written as:
δ(ξω1ω2h) = ξω1(D˜ε2 +D
hε2)h+ ξ(D˜ε1 +D
hε1)ω2h.
This gives:
δ(ξω1ω2h) = −D˜(ξω1ε2h− ξε1ω2h) + ξ(D
curω1)ε2h + ξε1(D
curω2)h+
+(Dhξ)ω1ε2h+ξ(D
hω1)ε2h−ξω1(D
hε2)h+(D
hξ)ε1ω2h+ξε1(D
hω2)h−ξ(D
hε1)ω2h.
All terms containing Dcur are canceled by δ(ξCHωh). All terms with Dh cancel
each other.
This gives:
δJt,s1,s2 ≃ dHt,s1,s2,
where:
Ht,s1,s2 =
−
∑
m,n
ε(m− n)
∑
p,q,k,l,u,v
δp+q,mδu+v,nδp+k+l+u,2(s1−1)δq+k+l+v,2(s2−1)cijξα(p+q),β˙(u+v)×
×
λ1−
|m−n|
2
−
|p+k−l−u|
2
−
|q+k−l−v|
2
p!q!k!l!u!v!
[Dhεi;α(p)γ(k),δ˙(l)β˙(u) ωj;α(q)γ(k),δ˙(l)
β˙(v)−
− n(θ(m− n) + λ2θ(n−m− 2)) ξα(p+q+1),β˙(u+v−1)×
× (εi;α(p)γ(k),δ˙(l)θ˙β˙(u) ωj;α(q)γ(k),δ˙(l)
β˙(v) h˜α,θ˙ + ε
i;α(p)γ(k),δ˙(l)β˙(u) ωj;α(q)γ(k),δ˙(l)
θ˙β˙(v) h˜α,θ˙)
−m(θ(n−m) + λ2θ(m− n− 2)) ξα(p+q−1),β˙(u+v+1)×
×(εi;α(p)γ(k),δ˙(l)β˙(u) ωj;α(q)γ(k),δ˙(l)
β˙(v) h˜α,θ˙+ε
i;α(p)ϕγ(k),δ˙(l)β˙(u) ωj;α(q)ϕγ(k),δ˙(l)
β˙(v) h˜ϕ,
β˙)]+
+ 2
∑
p,q,k,v
λ2−s1−
|k−p|
2
p!q!k!v!
δ2p+q+v,2(t−1)δp+k,2(s1−1)δp+q+k+v,2(s2−1)cijξα(p+q),β˙(p+v)×
× [C i;α(p)γ(k)ϕρ Hϕρ ε
j;α(q)
γ(k),
β˙(p+v) − C¯ i;β˙(p)δ˙(k)ϕ˙ρ˙ H¯ϕ˙ρ˙ ε
j;α(p+q)
,δ˙(k)
β˙(v)]. (77)
Details of the derivation of this formula are given in the Appendix for the case of
t = 2, s1 = s2 = s > 1.
Thus, δJt,s1,s2 is exact on-shell. The same is true for the spin-one current (65).
Hence, though the current Jt is not gauge invariant, the corresponding charge is:
δQξ ≃
∫
dHt,s1,s2 = 0.
15
8 Conclusion
In this paper, spin-t HS currents Jt,s1,s2 in AdS4, built from boson fields of arbi-
trary spins obeying t ≤ s1 + s2 − 1 are found from the variation principle. Being
represented as three-forms, Jt,s1,s2 are closed, but not exact, hence leading to non-
trivial HS charges. These charges are gauge invariant because δJt,s1,s2 is shown to
be exact.
In the 4dMinkowski case, in addition to natural parity-even currents, we found
“mysterious” parity-odd currents [11]. In agreement with the conjecture of [11],
we were not able to extend parity-odd currents to AdS4. The λ → 0 limit of Jˆt,s
(72) reproduces the parity-even currents of [11].
Currents constructed from fields of half-integer spins can be found analogously.
How to operate with half-integer fields is shown in [15]. It is important to mention
that for the currents built from fields of half-integer spin, the computations are
essentially different, because Equation (11) for half-integer spins contains λ instead
of λ2 [15].
Let us stress that the derivation of the currents via the action applied in this
paper leads to currents containing the non-minimal number of derivatives accord-
ing to [16] with the higher-derivative terms corresponding to certain improvements.
This is however anticipated since consistent cubic HS interactions are known [12]
to contain higher-derivative terms allowing one to preserve HS gauge symmetries
associated with gauge fields of different spins.
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Appendix. Example of the Gauge Variation of J t,s
Consider the case of t = 2, s1 = s2 = s > 1 (44):
J2,s =
λ−2
2
ξααJ2,s
αα + ξα,β˙J2,s
α
,
β˙ +
λ−2
2
ξβ˙β˙J2,s
β˙β˙.
The gauge variation of (44) under the gauge transformation (19) is:
δJ2,s =
λ−2
2
ξααδJ2,s
αα + ξα,β˙δJ2,s
α
,
β˙ +
λ−2
2
ξβ˙β˙δJ2,s
β˙β˙, (78)
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where:
δJ2,s
αα = −Dh
(∑
m,n
4λ2−|m−n|
(m− 1)!n!
cij [D˜ε
i;αγ(m−1)
,
δ˙(n)ωj;αγ(m−1),δ˙(n)−
−Dtopεi;αγ(m−1),
δ˙(n)ωj;αγ(m−1),δ˙(n) − λ
2Dsubεi;αγ(m−1),
δ˙(n)ωj;αγ(m−1),δ˙(n)]
)
, (79)
δJ2,s
α
,
β˙ =
∑
m,n
2λ2−|m−n|[
1
(m− 1)!n!
cijD˜ε
i;αγ(m−1)
,
δ˙(n)ωj;ϕγ(m−1),δ˙(n)h˜ϕ,
β˙−
−
1
(m− 1)!n!
cijD
topεi;αγ(m−1),
δ˙(n)ωj;ϕγ(m−1),δ˙(n)h˜ϕ,
β˙−
−
λ2
(m− 1)!n!
cijD
subεi;αγ(m−1),
δ˙(n)ωj;ϕγ(m−1),δ˙(n)h˜ϕ,
β˙−
−
1
m!(n− 1)!
cijω
i;γ(m)
,
δ˙(n−1)θ˙D˜εj;γ(m),δ˙(n−1)
β˙h˜α,θ˙+
+
1
m!(n− 1)!
cijω
i;γ(m)
,
δ˙(n−1)θ˙Dtopεj;γ(m),δ˙(n−1)
β˙ h˜α,θ˙]+
+
λ2
m!(n− 1)!
cijω
i;γ(m)
,
δ˙(n−1)θ˙Dsubεj;γ(m),δ˙(n−1)
β˙h˜α,θ˙]+
+
2λ4−2s
(2s− 3)!
cij[C
i;αγ(2s−3)ϕρ Hϕρ D˜εγ(2s−3)
β˙C i;αγ(2s−3)ϕρ Hϕρ D
topεγ(2s−3)
β˙−
− C¯ i;δ˙(2s−3)β˙ψ˙θ˙ H¯ψ˙θ˙ D˜ε
α
δ˙(2s−3) + C¯
i;δ˙(2s−3)β˙ψ˙θ˙ H¯ψ˙θ˙ D
topεαδ˙(2s−3)] , (80)
δJ2,s
β˙β˙ = −Dh
(∑
m,n
4λ2−|m−n|
m!(n− 1)!
cij[D˜ε
i;γ(m)
,
δ˙(n−1)β˙ωj;γ(m),δ˙(n−1)
β˙−
−Dtopεi;γ(m),
δ˙(n−1)β˙ωj;γ(m),δ˙(n−1)
β˙ − λ2Dsubεi;γ(m),
δ˙(n−1)β˙ωj;γ(m),δ˙(n−1)
β˙]
)
. (81)
Rearranging terms in (78), one can obtain:
δJt,s = dH + χ,
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where χ ≃ 0 (vanishes on-shell) and dH is exact with:
H = −ξααD
h
(∑
m,n
4λ2−|m−n|
(m− 1)!n!
cijǫ
i;αγ(m−1)
,
δ˙(n)ωj;αγ(m−1),δ˙(n)
)
+
+
∑
m,n
2ξα,β˙
λ2−|m−n|
(m− 1)!n!
cij(ε
i;αγ(m−1)
,
δ˙(n)ωj;ϕγ(m−1),δ˙(n)h˜ϕ,
β˙+ωi;αγ(m−1),
δ˙(n)εj;ϕγ(m−1),δ˙(n)h˜ϕ,
β˙)−
−
∑
m,n
2ξα,β˙
λ2−|m−n|
m!(n− 1)!
cij(ε
i;γ(m)
,
δ˙(n−1)θ˙ωj;γ(m),δ˙(n−1)
β˙h˜α,θ˙−ω
i;γ(m)
,
δ˙(n−1)θ˙εj;γ(m),δ˙(n−1)
β˙h˜α,θ˙)−
− ξβ˙β˙D
h
(∑
m,n
4λ2−|m−n|
m!(n− 1)!
cijε
i;γ(m)
,
δ˙(n−1)β˙ωj;γ(m),δ˙(n−1)
β˙
)
. (82)
Thus, the on-shell gauge variation of J2,s is exact.
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